(=] JOURNAL OF
-fg*% GEOMETRY o
[ PHYSICS

ELSEVIER Journal of Geometry and Physics 27 (1998) 249-266

The algebra A; ,(8) and infinite Hopf family of algebras

Bo-Yu Hou?, Liu Zhao *, Xiang-Mao Ding ®
2 Institute of Modern Physics, Northwest University, Xian 710069, China
Y Institute of Theoretical Physics, Academy of China, Beijing 100080, China

Received 26 June 1997; received in revised form 13 November 1997

Abstract

New deformed affine algebras, .4y, ,(8), are defined for any simply laced classical Lie algebra g,
which are generalizations of the algebra, .Aj ,(sl2), recently proposed by Khoroshkin-Lebedev—
Pakuliak (KLP). Unlike the work of KLP, we associate with the new algebras the structure of an
infinite Hopf family of algebras in contrast to the one containing only finite number of algebras,
introduced by KLP. Bosonic representation for Ay ,(§) at level 1 is obtained, and it is shown
that, by repeated application of Drinfeld-like comultiplications, a realization of Ay ,(§) at any
positive integer level can be obtained. For the special case of g = si,,, (¢ + 1)-dimensional
evaluation representation is given. The corresponding interwining operations are also discussed.
© 1998 Elsevier Science B.V.
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1. Introduction

Since Drinfeld [9-11] proposed the quantum groups and Yangian algebras as defor-
mations of the universal envoloping algebras of the classical Lie algebras, Hopf algebras
with nontrivial coalgebra structure, especially g-affine algebras [32) and Yangian dou-
bles [22,23], have become one of the major subjects of pure and applied algebra studies.
Recently progress in the study of Hopf algebras and applications include the free boson
representations of g-affine algebras and Yangian doubles at higher level [4,18,25], and the
possibility of describing the dynamical symmetries and solving the correlation functions
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of certain solvable lattice statistic models and integrable quantum field theories within a
pure algebraic framework [1,5,26-28,30,35]. The latter problem is, if not the sole force,
among the driving forces which lead to the study of deformed algebras beyond Hopf al-
gebras. Examples of such deformed algebras are g- [2,3,12,16,29-31,33,34] and A- [7,17]
deformed Virasoro and W algebras, the elliptic algebra A, p(ﬁz) [14,15] and its scaling
limit Ay , (37 2) [24], and the algebra of screening operators of the g-deformed W-algebras
[13] and so on.

In this paper, we extend the recent work of Khoroshkin et al. [24] on the scaling algebra
A g (.;72) of the elliptic algebra A, p(ﬁz) to the general case, Ay ,(g), where g can be any
classical simply laced Lie algebra of any admissible rank. The algebra Ay , (s1») introduced
in [24] is a formal algebra with generators carrying continuous indexes. One of the principal
motivation of [24] was to establish a better understanding of the algebra A, , (s,) from the
representation theory point of view because the representation theory of A, , (s12) has been
rather obscure since its birth [14,15]. For this, the authors of [24] considered the scaling limit
Ah,n(ﬂ 2), instead of A, , (37 2) itself, with generating functions being analytic along some
strip — which plays the role of fundamental parallelogram for the elliptic algebra A, , Gl 2) -
in the complex plane. The algebra Ay (sl 2) turns out to be not a Hopf algebra but belongs
to a Hopf family of algebras in which the comultiplication can be made associative on
changing the periods of structure functions for different iterations of the comultiplication.
Moreover, the twisted intertwining operators appearing in the representation theory of the
algebra .A;,,,,(ﬁz) satisfy a familar set of commutation relations which were used in the
calculation of correlation functions for Sine—Gordon model.

We shall show that the algebra Ay Gsla) actually belongs to (and constitutes the simplest
example of) a new type of deformed affine algebras, Aj ,(2). Just like their simplest rep-
resentative, A;,,,,(flz), these new deformed affine algebras are not Hopf algebras, because
the second deformation parameter n spoils the usual Hopf algebra structure. However, we
regard them as deformations of the usual Hopf algebras for two reasons. First, as the second
deformation parameter 7 approaches zero, the currents for the algebra Ay ,(2) obey the
same commutation relations as that of the Yangian double with center DY3(g).. Second, if
we consider the zero level representation of Ay, ,(g), the algebraic relations become Hopf
algebra again.

Due to the complication for the case of general g, we restrict ourselves only to the current
realization. In this form, it is not easy to write down the analog of comultiplication used
by KLP [24]. We, therefore, use an analog of the well-known Drinfeld comultiplication to
study some aspects in the structure of our algebra. It is, however, not known whether the
finite Hopf family structure of KLP can be realized using this form of comultiplication. To
circumvent this drawback, we introduce an alternative notion, which we call the infinite
Hopf family of algebras, to write down the interactions of comultiplications in a convenient
form. It turns out that this new notion leads to an astonishingly by simple realization of our
algebra at any positive integer level.

Besides the pure algebraic elegance, our algebras are also expected to have relevant appli-
cations in such fields as an algebraic formulation of quantum symmetry and the calculation
of correlation functions for affine Toda field theories.
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2. The algebras 4; ,(¢) and infinite Hopf families
2.1. The algebra Ay, (8)

We begin our study by introducing the formal current algebra (denoted also by the symbol
Ay »(8)) associated with Ay ,(g). The special case of g = sl can be inferred from [24].
For other simply laced classical algebras g, the following definition has, to our knowledge,
not been introduced anywhere else.

Definition 1. The current algebra Aj ,(g) associated with the classical simply laced Lie
algebra g of rank r (as an associative algebra with unit over the field C) is generated by
the 3r currents {Hii(u), E;i(w), F;(w)|li = 1,...,r}, the central element ¢ and 1 with the
following generating relations: !

H*)H; (v)
__sinh wn(u — v — iA(B;; — ¢/2)) sinh mn'(u — v +ih(Bi; — c/2))
"~ sinh wn(u — v + ik(B;j + ¢/2)) sinh 7' (u — v — ih(Bij + c/2))

x H (WH; (u), )]
+, 4. sith wn(u — v —ihB;)) sinh wy'(u — v +ihB;))
B Hm = g mn(u — v+ ihB;j) sinh 7n'(u — v — ihB;))
x Hj*(v)Hf(u), (2
+ o sinh wn(u — v — ih(B;; Fc/4) ' n
HEWE; () = — Y 6/4))EJ(U)H,- (u), A3)
1 . sinh wn' (u — v+ ih(B;j F c/4) ‘ i
B ) = = v —Th(By; & cjdy T H (). @
‘ . __sinh mnu — v —ihB;;) . .
E;(WE;(v)= sinh 71 Gt — v +ihB,-j)E’(v)E’ (), &)
Fiw) Fy(v) = S @ = v+ By) e, ©)

sinh 7n/'(u — v — i B;;)

[Ei(u), Fj(v) = 2%5,']‘ [5 (u —v—- IhTC) Hi+ (u — lh_c)

o (um 2 (o- 2], 0

Ei(u)Ei(u2)Ej(v) — 2cos(znh)E; (u1)E; (V) E; (uz) + Ej(v)E; (u1) E; (u)
+uy < uz) =0, forA;; =-1, ®)

! Throughout this paper, the subscript i of the current operators take integral values, which indicates different
root directions of the underlying Lie algebra g, whilst the symbol i preceding the s in the structure functions
represents +/—1.
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F; (u1) F; (u2) Fj (v) — 2 cos(mn'h) F; (uy) F; (v) F; (u2) + Fj(v) F; (1) F; (u2)
+(u1 eu2)=0, fOI‘A,‘j"—‘—l, (9)
[c, everything] = O, (10)

where u, v etc. are spectral parameters, real #,  are two deformation parameters, B;; =
A;j /2, A;j are matrix elements of the Cartan matrix for the Lie algebra g, and 2

1 1

— — = =he.

n n
Remark 1. For g = sly, the above current algebra reduces to the current realization of
Ay n(sl2), where the Serre-like relations (8) and (9) are not present.

Remark 2. In the limit  — 0, the current algebra 4 ,(g) would have the same form
as that of the Yangian double DY;(g). But the limiting algebra A ¢(g) should not be
considered to be isomorphic with the Yangian double DY3(g) because the element of the
algebra Ay o(g) carries a continuous index whilst that of the Yangian double DY (g) carries
a discrete one. For more information on g = s/, see [24].

To have a precise definition for the algebra Ay, () (and not its current realization form),
we have to consider two different cases as in [24] for sl>: (1) the case ¢ # 0; and (2) the
case ¢ = 0. In the first case, one should consider the current {Hl.i(u), E;(w), F;(w)} as
the following Fourier transforms of the actual elements ¢; (1), ¢; (1) and f;(A)(A € R) of
the algebra Ay ,(8),

oo
h - ” 27]7]/
H:i: - dx 1Aut_ A FA/2n , " ol
=) 2f ey (Me U
-0
o0
Ei(u) = f dre™(a),
—0o0
oo
Fiw) = / dre™ £,(0),
-0

whereas in the second case, the currents Hii (u) should be given another expression in terms
of the actual elements h; (1) of Az ,(g) atc =0,

hi(3)

o0
Ht-i(u) = :Fh / dkeikum.

—00

2 We assume throughout this paper that 7 and # are generic, i.e. % is not a rational multiple of 7.
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The difference between ¢ # 0 and ¢ = 0 can be summarized in a more compact relationship
between the algebra generators #; (A) and h; (1). In fact, from the two expressions of Hl?t ),
we can write down the following relation at ¢ = 0,

hi(Q) =) smh(i) .
2n

Therefore, in the limit ¢ — 0, #;(0) is well-defined, but #;(0) tends to infinity. On the
contrary, when ¢ # 0, #;(0) is well-defined and 4; (0) tends to zero.

Given the above Fourier transformations, one can, in principle, write down the generating
relations for the algebra .4 ,(g) in terms of the continuous generators #; (1) (h; (1)), e; (1)
and f;(»). However, such relations are rather complicated and they are of no use in the
rest of this paper. Therefore, we shall omit such relations and consider only the current
realization (1)—(10) of the algebra Ay ,(2).

Unlike the usual g-affine algebras and the Yangian doubles which are by definition non-
trivial Hopf algebras, whether the algebra under consideration has a Hopf algebra structure
is not known. Recall that a Hopf algebra A is an algebra endowed with five operations
(linear maps):

— the algebra multiplicationm : A@ A — A, m(@a®b) =abforVa,b e A,
— the unit embedding ¢ : C — A, 1(c) = cl, ¢ € C, 1 € A s the unit element;
— comultiplication A : A > A® A, A(ab) = A(a)A(b) forVa, b € A;

— the antipode S : A —> A, S(ab) = S(b)S(a) for Va, b € A; and

— the counit € : A — C, e(ab) = e(a)e(b), for Va € A, where €(a) € C.

To make the algebra A into a Hopf algebra, these structures have to obey the following
axioms,

mo(m®id) =mo (id ®m), (11)
(A®id)oA=(010dQ A) o A, (12)
(e®idoA=id=(1d®¢€) o A, (13)
moSidoA=e=mo{id® S)o A. (14

For our algebra Ay ,,(8), only the first of these axioms holds explicitly, which ensures the
associativity of the algebra multiplication. The operations A, €, S cannot be defined on
the algebra Ay ,(g) alone. However, as first discovered in [24], a well-defined coproduct
can be defined over the so-called “Hopf family of algebra” containing a finite number of
algebras of the kind A;,,,,(ﬁ 2) but with different parameters n. However, as stated in the
introduction, the case for arbitrary g is much more complicated and we can only make our
analysis in the current realization. This difficulty prevented us from obtaining an analogous
structure of KLP’s Hopf family of algebras because the analogous comultiplication is not
known. Therefore, we proceed to introduce an alternative notion — the infinite Hopf family
of algebras. it should be remarked that no relationship is implied here between our infinite
Hopf family of algebras and the (finite) Hopf family of algebras introduced by KLP.
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Definition 2. Let {A,, n € Z} be a family of associative algebras with unit defined over C.

If on each A4, one can define the following operations

— the comultiplications A} : A, - A, ® A1, Af(am) = Y ; Al ® aénﬂ)i and
A7 A o> A1 QAL A (@) =), aén_l)i ® aén)i, where a)i, a(,;, etc. € Ay
and Af are algebra morphisms;

— the counits ¢, : A4, — C; and

— the antipodes ST : A, — Ant1, SE@mbm) = SE(bn+1))SE(@p=1)), which are
anti-morphisms,
and if they satisfy the following constraints,

(n ® idp1) A =idpyy, (15)
(ids—1 @ )4, =id,_q, (16)
Mpt10 (Sy ®idpt1) 0 A = €nt1, (17
Mp-10@Gd—1 ® 5, )0 A, =¢€,1, (18)

where m,, is the algebra multiplication for the nth component algebra .4, then we call the
family of algebras {4,,, n € Z} an infinite Hopf family of algebras.

A trivial example for the infinite Hopf family of algebras is the family {4, = A, n € Z}
in which A is a usual Hopf algebra. In this case, all our axioms (15)—(18) hold with the
comultiplications AE, counits €, and the antipodes S being identified with those corre-
sponding structures for the usual Hopf algebra. Note that, in this trivial case, we have one
more axiom, Eq. (12), which represents the coassociativity of the comultiplication. For the
general case, no coassociativity is required. One may consider the lack of coassociativity in
our infinite Hopf family of algebras a serious drawback compared to the (finite) Hopf family
structure of [24]. However, it will soon be clear in Proposition 2 that this structure would
bring about a great advantage in obtaining realizations of our algebra at integer levels k > 1.

We now proceed to construct a nontrivial example for the finite Hopf family of algebras
containing our algebra Ay ,(£) as a member.

Let © = 5. For all n € Z, let us define 1 recursively, such that

1 1

D g = en:

where ¢, are a set of parameters and co = c, the center of our algebra Aj ,(g). Clearly,
for n = 0, we have n) = /. The notations Ay (&)c, have obvious meaning with the
specification A;, 0 (8)cy = An,5(8)-

Proposition 1. The family of algebras {A, = Ay, o0 (&)c,, n € Z) form an infinite Hopf
family of algebras with the comultiplications A,:,t, counits €, and antipodes S,:,t defined as
Jollows:

— the comultiplications AZ:

A;:—Cn =Cp + Cntl,s (19)
A,y = Cn—1 + Cn, (20)



B.-Y. Hou et al. / Journal of Geometry and Physics 27 (1998) 249-266 255

if ih
A,TH,*(u; n(n)) = Hi+ (u L C:-{-l (n)) ® H+ ( 1 Cn (n+l) 1)

A;Hi+(u; Tl(n)) = Hi+ (u + ——4—; n

(23)

1hc,, L Y,

24

® H (u Bhen ',n<")) (22)
(u ihcn (n+1)>

i
AFHT ;™) = H (u — o n(")) ® H~

ATEiw;n™) = E;w; n" M)y @1
+H (u N ih4Cn ; n(n)) ® E; (u + i‘;_n n(n+l)> ’ 25)

ATEi(u;n™) = Ei(ui n" V)@ 1
((u + lhc"; ¥ ") ® E; ( + lh—cé'ﬂ ("’) (26)

AFFi(u; n™) = 1 ® Fi(u; n" V)
+F; (u + lh%i ‘"’) ® H;f ( lhi"’“ ; n‘"*“) )

A7 Fi(u;n™) = 1@ Fi(u; n™)

in in
+F (u 4 n ”) ® H (u ! :";n“')); (28)

—~ the counits €,

en(cn) =0, &) =1,  HTu;n™) =1,
en(Ei;1™) =0,  e(Fi(u;n™) =0

— the antipodes S :

S,:zl:(cn) = —Cn41,
SEHE; n™)) = [HEu; n=Dy7,

_ ihcne1 ! —ihcpst
Sy (Ei(ui ™)) = —H, (u - n("i”) Ei(u——="=n"=0),
\ /

ih ih -
Sy (FiCu; n™)) = — (u - e Cgil ; n("i”) H; (u - = Czil ; 'I("il))
/

where the second arguments in the current operators (the n’s) indicate to which algebra
the currents belong.
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The proof for this proposition is straightforward. Note that, in this example, the result of
the action of the comultiplications A;r_ , on A, _ coincides with the result of the action of
A on A,

A A, =AY (A,

Consequently, both comultiplications “co-commute”,
(d® A1) 4, = (4, ®id)4; .

Two more remarks are in order.

Remark 3. In the case of ¢, = 0, for all n € Z, the infinite Hopf family of algebras
become trivial again because there are no differences between the algebras Aj, ()0 and
Ay, yom (8)o for any pair of n,m € Z.

Remark 4. Under the cases of Remarks 2 and 3, the above structures for the infinite Hopf
family of aigebras reduce to the original Hopf algebra structure. In particular, under the case
of Remark 2, the comultiplications would have the same form with the so-called Drinfeld
comultiplication for the Yangian double.

The comultiplications introduced above are useful not only in clarifying the structure of
the infinite Hopf family of algebras but also in the representation theory of the representa-
tive algebra Aj_,(g). Before going into detailed structure of representations, we state the
following proposition, which can be directly verified.

Proposition 2. The comultiplication A; defined in Egs. (19)—(28) induces algebra homo-
morphismfrom Ay o () c,+enpr 10 Ap yor (8 e, @ Ap pnt (8)e,yy» Ay induces homomor-
phism from Ay, - 0(&)cn_y 40, 10 Ap -1 @)y & Ap pi (&)c-

Actually, the above proposition states that the images of the generating currents E;(u;
n™), F;(u; n™) and HijE (u; n™) of Ay o (8)c, under A satisfy the defining relations
for Ay o (8)cp-tenys and Ay pn-1(§)c,_y+c,» Tespectively. This result is quite astonishing
an one hand, and will be quite useful for constructing a higher level realization out of level
1 representations, on the other. Therefore, we proceed to consider the level 1 representation
of our algebra.

3. Representation theory

3.1. Free boson realization of An () at level c = 1

First, we would like to consider the free-boson realization of the generating relations
(1)-(10) for the algebra Ay ,(g). For this we introduce the set of deformed free bosons
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0 +Q0

Fig. 1. The integration contour C.

a;(A) with continuous parameter A # O and discrete i = 1, ..., r, which constitute the
following deformed Heisenberg algebra H(n):
sinh(A/2n)

4  na
[ai (A.), a; ([L)] = X sinh ? s1nh(hB,jl)m8(k + /.L) (29)

We also use the notations alf (L) = a; (A)sinh(L/2n) /sinh()/27"), which satisfy the relations

sinh(%/27)

sinnG/2) S & TR

4 hA
[a)(}), a} )] = T sinh > sinh(h B;;A)

The normal ordering for the exponential expressions of the above free bosons are defined
in the following way [24],

exp f drgi(M)a;(A) exp f duga(na; (1)

dA In(—J
— exp ] o o g Wga(-D

2
c
exp f drgi(ApDai(d) + / duga(ua;(w) |, (30)

where ¢;;(A) is a function given by
[ai(}), aj ()] = aij (M)A + u), (31)

C is a contour on the complex A-plane depicted in Fig. 1. Moreover, we introduce the
following zero mode operators,

[P, Q;]1 = Bij.
Proposition 3. The following bosonic expressions realize the generating relations (1)—(10)
of the algebra Ay (8) withc = 1,

E;j(u) = e¥ exp(2iQ;) exp(P;) exp (%¢]' w)), (32)
Fi(u) = e’ exp(—2miQ;) exp(—P;) exp(—%qu w)), (33)
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ih i
HF () =e > E, <u + IZ) F; <u F %) (34)
T A
=€exXp | F / dret "I—:Waj()») s (35)
—00
where
+o00 (A)
. — iAu aj
¢ @) / e S @A2)’ (36)
—00
+00 ’
. a;(L)
W= [ dre——— 37
¢; ) / © Sinh(r/2) 37
-0

The proof of this proposition is also straightforward but requires tedious calculations.
The normal ordering rule (30) and the following formula which can be found in [24] are
very useful for the calculations,

/ driln(—x) e~
2wih 1 —e*/n

=InI(nx)+ (nx - %) (y —Inn) ~ %1n(27t),
C

where I"(x) is the usual Gamma function which satisfy the following,

rEri-x =

sin wx’
It is interesting to mention that the bosonization formulas for the currents E;(x) and

F; (u) are quite similar to those of the screening currents of the quantum (%, £)-deformed
W-algebras [17].

3.2. Representations at other integer levels

The bosonic expressions (32)~(37) only give a bosonic realization of Ay ,(g) at level
¢ = 1. However, as mentioned in Section 3.1, it is possible to obtain realizations of Ay, ,(8)
at other integer levels using the knowledge gathered so far. The key point is to make use of
Proposition 2 repeatedly; first in the case of ¢ = ¢y = ¢) = 1 (which leads to a realization
at level ¢ = 2), then in the case of ¢ = ¢y = 2, ¢; = 1, and so on.

We give the following proposition

Proposition 4. The level ¢ = k(k € Z.) bosonic realization for the algebra Ay ;(g) can
be obtained using k copies of the Heisenberg algebra (29) {H(n"),1 =0,1,...,k — 1}
(each of which realizes the level 1 representation for the algebras .A;,,,,(z) (&) withl =
0,1,...,k — 1) and the repeated use of Proposition 2 (the comultiplication Aa' ).

Actually, the above proposition provides a way to understand the meaning of the infinite
Hopf family of algebras — instead of getting higher level representations of any distinguished
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member of this family, one can study the level 1 representations for several members si-
multaneously. Though the resulting higher level representations obtained from the above
iteration of comultiplications may be highly reducible, it is rather instructive to show the
unusual way in which the tensor product representation is defined in our infinite Hopf fam-
ily of algebras, i.e. one must obtain the tensor product of the representations of different
members of the family.

To obtain bosonic realizations of negative integer level, one may use the antipodes S=.
However, such realizations are not of much interest to us.

3.3. The structure of Fock spaces

The bosonic realizations of the algebra Ay ,(g) can be viewed as representations on the
Fock space of the bosonic Heisenberg algebras. Therefore, for completeness, we have to
say some words on the structure of Fock spaces.

First, we specify the Fock space for the level 1 representation. Consider the abbreviated
form (31) of the bosonic Heisenberg algebra H (#). The structure functions «;; (1) have the
following properties:

a;j(A) = —a;i(—A), aij(A) = aji (A), (38)

Let |vac) be a right “vacuum state”. The right Fock space F(n) is generated from |vac) as
follows:

0

/d)\nfn()\n)ai,,()\n)"'
-0
0
/dklfl(kl)ail(kl)lvaC), i=12,..., r, I=12,...,n,

—x0

where f;(A) are functions which are analytic in a neighborhood of R except A = 0, where
a simple pole may appear. For each concrete a;;(A), proper asymptotic behaviors for f;(A)
as A — 400 are required. However, we do not specify them in detail (for the special case
of g = sl,, such asymptotics were given explicitly in [24]).

Similarly, let (vac| be a left “vacuum state”. The left Fock space F*(n) is generated as
follows,

+00
<vac|f drrg1(A)ai () -
0

+oo
/d,\,,g,,(/\,,)a,-n(;\,,), i=1,2,...,r, 1=1,2,...n,
0
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where g;(A) are functions which are analytic in a neighborhood of R_ except A = 0, where
a simple pole may appear. As in the case of f;(A), proper asymptotic behaviors for g;() as
A — —o0 are also required.

As in the case of g = sl3, the pairing (, ) : F*(n) ® F(n) — C between the left and
right Fock spaces can be uniquelly defined by the following prescriptions,
- ((vac|, [vac)) = 1,

+0o0 0
- (vac| / dig(X)ai(A), | duf(u)a;(u)|vac)
0 —00

diIn(—A
_ / DI o) Fhya ),

2m1
c

- the Wick theorem.
Now let the vacuum states |vac) and (vac| be such that

aj(M)|vac) =0, A >0, P|vac)=0,

(vacla;(A) =0, A <0, (vac|Q;=0.
Let f(A) be analytic in some neighborhood of the real A-line, satisfying proper analytic
behaviors as A — %00, and also have simple poles at A = 0. Then, the action of expressions
like

+00
F =exp / dAf(Ma;(A)
—00

on F(n) and F*(z) are given, respectively, by the decompositions F = F_F and F =
F_F,, where

0
F_=exp / drf)a; () |,
—00
+00
F, = li%l+ g€1n €/(€)ai(€) expy / dif(Ma;i(A) |,
€—>

€

e—0t

—€
F_ = lim " ¢/(-9ai(=6) exp / drfa; (V) ],
—0O0

+00

F.=exp f drf(Va; (x)) )
0

Moreover, these two actions are adjoint to each other, and the product of normal ordered

operators like F atisfy our normal ordering rule (30). This completes the description of

Fock spaces at level 1.
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The Fock spaces for level k bosonic representation of Ay (8) is nothing but the direct
product of k copies of the level 1 Fock spaces, namely F ®@HO, .., p*-Dy=F M ®
.o+ x F(n%=D). The left Fock space for the level k bosonic representation has a similar
structure, F*®O O, n*=D = POy @ ... F* D).

3.4. The case of ¢ = 0: Evaluation representation

As mentioned earlier, the structure of the algebra Ay ,(g) changes drastically from ¢ # 0
to ¢ = 0. This change is not only reflected in the different asymptotic behaviors for the
generating currents, but also in the trivialization of the structure of the infinite Hopf family
(see Remark 3), and it also affects the representation theory at ¢ = 0.

Just like the usual affine Lie algebras and the g-affine algebras, among the class of
level O representations for the algebra Aj_,(g), there is a special subclass which is finite
dimensional. We adopt the terminology from the representation theory of affine and g-affine
algebras and call the finite dimensional level O representations of Ay (&) the evaluation
representations.

Recall that there is no difference between the algebras A; ,om (8)o and A; ;) (8)o for
different n and m. Recall also that the evaluation representations for the usual g-affine
algebras are best written in terms of “half currents” rather than the “total currents” E; (u)
and F;(u) which we have been using for Ay ,(g) so far. Therefore, it seems that the first
step to give an evaluation representation for the algebra Aj ,(£) is to split the total currents
E;(u) and F; (1) into half currents. This task can be fulfilled in a completely analogous way
as in the sl case.

We define (for generic ¢) the half currents .el.jE (u) and fii () as follows:

) = / dv E;(v)
i 7 | i sinh G — v £ ihc/d)’
Cy
dv F;(v)
+ _ ' e i
frw=an f 2misinh 7wy (u — v Fihc/4)’
Cs

where the contours C+ run from —oo to 400 along the real axis, with the points u +ikc/4+
ik/n(k > 0) above Cy,u + ihc/4 + ik/n(k < 0) below Cy,u —ihc/4 +ik/n'(k > 0)
above C_, u — ihc/4 + ik/n’(k < 0) below C_.

Note that the above choice of integral contours imply that the half currents ei+ W), fl.Jr )
are properly defined only in the strip
1 ke he ]

I, = l-;—7<1mu<—7

whilst e, (), f; () are defined only in the strip

IIT_= T<Imu7+;

he he 1 }
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We thus call the strips 7+ the “domains of analyticity” for the half currents. We remark
that the half currents satisfy the following Ding—Frenkel-like relations,

+ ihc _ ihc
e; u——4— —e u+T =E;(u),

however, these relations should be understood in some proper “analytic continuation sense”
in contrast to the direct decompositions of formal power series [20,22] because in the above
equations, ei+ (u —ihc/4) and e; (u +ihc/4) cannot be properly defined simultaneously for
the same value of u.

Following the same spirit of analytical continuation, we have

ef (w)=—e (w—i/m"), frw=—fIw-i/m")
and
F ) = H (u—i/n"),

whereu € I1_.
The following proposition gives a simplest evaluation representation for Ay ,(g) with
g = Sl,-.H .

Proposition 5. Let V be an (r + 1)-dimensional vector space with orthogonal basis {vo, vy,
.., Ur). The (r + 1)-dimensional evaluation representation of Ay ,(8) with g = sl, 1 on
V.(n) = V ® C[[e"™]] is given by the following actions (u € I1,),

5 — sinh iwnh
U'sinh wn(u —z — (r — )/21h)
— sinh imnh
31— = Vi
sinh nn(u —z — (r — 1)/21h)
sinh wy(u — z — (r — 1 — 2)/2ih)
sinh 70 — 7z — (r = 1)/2ih)  0*
sinh an(u —z — (r —142)/2ih)
sinh 7 —z — (r = D)/2ik) V%
+(1 - 51j — 81_1,j)vjyz.

+
ef Wvj. = YLz,

f1+(u)vj—1,z =

H (v, =8

+81_1‘j

The relations for the “negative” half currents are given by the same formulas but with
uell.

Note that for r = 1, the above evaluation representation reduces to the one presented in
[24] for Ay (37 2); forn — 0, itreducesto the (r41)-dimensional evaluation representation
for DY# (slr+1) [20].
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3.5. The intertwining (vertex) operators

One of the important ingredients in the representation theory of affine algebras is the
intertwining operators which intertwine the infinite-dimensional representation and its ten-
sor product with evaluation representation. For the infinite Hopf family of algebras, we
can define analogous objects, also called intertwining operators, acting on the space of
tensor product of the infinite-dimensional representation of the subsequent member of the
same family, or on the space of tensor product of the evaluation representation and some
infinite-dimensional representation of a fixed member of the family.

Taking as the infinite-dimensional representation the level 1 bosonic representation,
as the evaluation representation the (r 4 1)-dimensional representation obtained above
for g = sl,4+1, we now proceed to give the definition of a particular set of intertwining
operators.

Definition 3. The intertwining operators (vertex operators) (here n’ = 1/(h + 1/n))
D@ Fm) > FmV.(), %@ :Fm)® V. (n) - F(n),
v*(z): V., ® F(n) > F(m), V() : Fm) — V, @ F(n)

are those commuting with the action of Ay ,(g), 3

P(2)x = A(x)P(2), P*(2)A(x) = xP*(2),
Y* () Ax) = xP*(2), ¥ (x = A(X)¥(2),

where x € A ,(8).

The components of these vertex operators are defined as follows:

Pv=>) (DY, D@V =),
j=0

VD0 @) =¥ v, ¥@v=) v ¥
j=0

where v e F(n) andv; € V.

Using the explicit form of the evaluation representation given in the last subsection and the
comultiplication formulas (19)—(28), we are ready to obtain the intertwining relations (the
commutation relations between vertex operators and the generating currents for 4y ,(£)).
The result will be a rather long list and we omit it here. We note that similar constructions
for g-affine algebras were made in [8].

3 [24], a twisted version of the vertex operators was defined so that the commutation relations of the
twisted vertex operators yield the two-body S-matrix for the sine—Gordon model. In our case, we do not have
such motivations to define twisted vertex operators. Moreover, remember that the comultiplications of [24]
are different from the one we are using.
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Using the bosonic Heisenberg algebra H(n), one can, in principle, obtain bosonic real-
izations of these intertwining operators. Then the calculation for the commutation relations
between these intertwining operators and the correlation functions of such operators will
become possible. We leave such tasks to future studies.

4. Discussion

In closing this paper we give the conclusions and some discussion.

We defined the algebra Ay ,(g) and its infinite Hopf family for all simply laced Lie
algebras g. Using the deformed Heisenberg algebra H(7), we obtained the level 1 bosonic
representation, and then by repeated use of the comultiplication we got the representations
for all positive integer levels. For g = sl,1, we also gave the simplest (r 4+ 1)-dimensional
evaluation representation and the intertwining relations for the level 1 representation and
the (r 4+ 1)-dimensional evaluation representation.

Clearly, many relevant problems are still left open, among which we mention several
which we would like to solve in future works.

The first problem is; Why not nonsimply laced Lie algebras g? Indeed, no reason can be
stated a priori that no analogous algebras exist for nonsimply laced algebras g. However,
for self-consistency, we intentionally excluded nonsimply laced g in our consideration. The
reason is that, for such a g, the Cartan matrix is not symmetric, so that the Heisenberg
algebra H(n) is not well-defined (the condition (38) is violated). Probably, the way around
is to use the symmetrized Cartan matrix instead of the Cartan matrix. Then, we can give
well-defined Heisenberg algebra H(n), but the Serre-like relations (8) and (9) are still not
enough to define the algebra Ay ,(g), because there are cases for A;; = —2, —3, etc.

The second problem is the other possible realizations of the algebra Ay ,(g). For g-affine
algebras, Yangian doubles and A ;, (37 2), three different realizations are known to exist, i.e.
the current realization, Drinfeld generator realization and the Reshetkhin—Semenov-Tian—
Shansky (RLL) realization. For our algebra, it seems important to find the third realization
because this realization has direct connection with the Yang—Baxter relation and, hence,
is more convenient while considering the possible application of the algebra in integrable
quantum field theories.

As mentioned in Section 1, we postulate that our algebra might have important application
in describing the quantum symmetries of affine Toda theory, however such applications can
be made possible only if we have identified the R-matrix of our algebra with the quantum §-
matrix of affine Toda theory. In this respect, the other form of the comultiplication which is
compatible with RLL relations is also important because, under such a comultiplication, the
commutation relations between the interwining operators would become a set of Faddeev—
Zamolodchikov-like algebra which should be explained as the operator form of the quantum
scattering of the corresponding integrable quantum field theory — the affine Toda theory as
we postulate it.

Various considerations on the different choices of domains for the deformation parameters
# and n are also important. On this point, the authors of [24] have already listed many
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problems with which we wholeheartedly agree. Besides the problems listed in [24], we are
also interested in the case # — oo, which should correspond to the case of crystal base for
g-affine algebras.

Lastly, we would like to mention the possible connections between our algebra and the
quantum (%, §)-deformed Virasoro and W-algebras. The ¢- and #-deformed Virasoro (and
W) Poisson algebras were known to be closely connected to g-affine algebra and Yangian
double at the critical level [7,16]. The quantum versions of these deformed algebras were
also known to exist and nobody knowns to which deformed affine algebras they correspond
The algebras given in this paper may be the right candidate to correspond to the quantum
(h, £)-deformed Virasoro W-algebras. We point out that algebras, corresponding to the
g, p-deformed quantum W-algebras also exist, which are generalizations of the elliptic
algebra A, , (s12) to other g with higher ranks. We shall present the bosonic representation
for the current realization for such algebras (which we call A, ,(g), representative of yet
another example of infinite Hopf family structure) in the next paper [19].

References

[1] Y. Asai, M. Jimbo, T. Miwa, Y. Pugai, Bosonization of vertex operators for the A E;l—)l face model, preprint
RIMS 1082 (1996), hep-th/3606095.
[2] H. Awata, H. Kubo, S. Odake, J. Shiraishi, Quantum W, algebras and Macdonald polynomial, Commun.
Math. Phys. 179 (1996) 401-416.
[3] H. Awata, H. Kubo, S. Odake, J. Shiraishi, Quantum deformation of W, algebras, preprint
g-alg/9612001. .
[4] H. Awata, S. Odake, J. Shiraishi, Free boson representation of Uy, (sly), Commun. Math. Phys. 162
(1994) 61-83.
[5]1 D. Bernard, A. LeClair, The quantum double in integrable quantum field theory, Nucl. Phys. B 399
(1993) 709-748.
[6] J. Ding, 1.B. Frenkel, Isomorphism of two realizations of quantum affine algebras U, (g{(n)), Commun.
Math. Phys. 156 (1993) 277-300.
[71 X.-M. Ding, B.-Y. Hou, L. Zhao, #-(Yangian) deformation of Virasoro algebra, preprint
g-alg/9701014.
{8] J. Ding, K. Iohara, Drinfeld comultiplication and vertex operators, preprint RIMS-1091.
{91 V.G. Drinfeld, Hopf algebras and quantum Yang-Baxter equation, Soviet Math. Dokl. 283 (1985)
1060-1064.
[10] V.G. Drinfeld, A new realization of Yangians and quantized affine algebras, Soviet Math. Dokl. 32
(1988) 212-216.
[11] V.G. Drinfeld, Quantum groups, in: proceedings of the international congress of mathematicians,
berkeley, 1987, pp. 798-820.
[12] B. Feigin, E. Frenkel, Quantum W algebras and elliptic algebras, Commun. Math. Phys. 178 (1996)
653-678.
[13] B. Feigin, M. Jimbo, T. Miwa, A. Odesskii, Y. Pugai, Algebra of screening operators for the deformed
W,, algebra, preprint g — alg/9702029. .
[14] O. Foda, K. Iohara, M. Jimbo, R. Kedem, T. Miwa, H. Yan, An elliptic quantum algebra for sl,, Lett.
Math. Phys. 32 (1994) 259-268.
[15] O. Foda, K. Iohara, M’.\Jimbo, R. Kedem, T. Miwa, H. Yan, Notes on highest weight modules of the
elliptic algebra Aq p(s12), Prog. Theoret. Phys., Suppl. 118 (1995) 1-34.
[16] E. Frenkel, N. Reshetikhin, Quantum affine algebras and deformation of Virasoro and W algebras,
Comm. Math. Phys. 178 (1996) 237-266.
[17] B.-Y. Hou, W.-L. Yang, #-deformed Virasoro algebra as hidden symmetry of the restricted sine-Gordon
model, preprint hep-th/9612235.



266 B.-Y. Hou et al. / Journal of Geometry and Physics 27 (1998) 249-266

[18] B.-Y. Hou, L. Zhao, X.-M. Ding, g-affine-Yangian double correspondence and free boson representation
of Yangian double at arbitrary level, preprint g-alg/9701025.

[19] B.-Y. Hou, L. Zhao, Elliptic infinite Hopf family of algebras and bosonization (IMP-NWU, preprint).

[20] K. Iohara, Bosonic representations of Yangian double DYx(g) with g = gin, sly, preprint
g-alg/9603033 (1996).

[21] M. Jimbo, T. Miwa, Algebraic analysis of solvable lattice models, Conference Board of the Math. Sci.
Regional Conference Series in Mathematics 85 (1995).

[22] S. Khoroshkin, V. Tolstoy, Yangian double, Lett. Math. Phys. 36 (1996) 373—-402.

[23] S. Khoroshkin, Central Extension of the Yangian Double, in: Collection SMF, Colloque Septiémes
Rencontres du Contact Franco-Belge en Algébre, June 1995, Reins, preprint g-alg/9602031.

[24] S. Khoroshkin, D. Lebedev, S. Pakuliak, Elliptic algebra Aq ,,(372) in the scaling limit, preprint
gq-alg/9702002.

[25] H. Konno, Free field representation of level-k Yangian double DY (sl;); and deformation of Wakimoto
Modules, preprint YITP-96-10. R

[26] H. Konno, Degeneration of the elliptic algebra .Aq p(sl3) and form factors in the sine~Gordon theory,
preprint hep-th/9701034.

[27]1 A. LeClair, F. Smirnov, Infinite quantum group symmetry of fields in massive 2D quantum field theory,
Int. J. Mod. Phys. A 7 (1992) 2997-3022.

[28] S. Lukyanov, Free field representations for massive integrable models, Comm. Math. Phys. 167 (1995)
183-226.

[29] S. Lukyanov, A note on deformed Virasoro algebra, Phys. Lett. B 367 (1996) 121-125.

[30] S. Lukyanov, Ya. Pugai, Multipoint local height probabilities in the integrable RSOS model, Nucl. Phys.
B 473 (1996) 631-658.

[31] S. Lukyanov, Ya. Pugai, Bosonization of ZF algebras: Direction towards deformed Virasoro algebra, J.
Exp. Theore. Phys. 82 (1996) 1021-1045.

[32] N.Yu. Reshetikhin, M.A. Semenov-Tyan-Shansky, Central extensions of quantum current groups, Lett.
Math. Phys. 19 (1990) 133-142.

[33] J. Shiraishi, H. Kubo, H. Awata, S. Odake, A g-deformation of the Virasoro algebra and the Macdonald
symmetric functions, Lett. Math. Phys. 38 (1996) 33-51.

[34] J. Shiraishi, H. Kubo, Y. Morita, H., H. Awata, S. Odake, Vertex operators of g-Virasoro algebras:
defining relations, adjoint actions and four point functions, preprint EFI-96-14, DPSU-96-7,
UT-750 (April 1996), g-alg/ 9604023 (revised July 1996), to appear in Lett. Math. Phys.

[35] EA. Smirnov, Dynamical symmetries of massive integrable models I, II, Int. J. Mod. Phys. A 7 Suppl.
1 B (1992) 813-838, 839-858.



